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Final state control-based active compensation for backlash in 

vibration suppression of automobile powertrain  
 

Abstract 

This paper proposes an effective backlash compensation method based on 

the final state control (FSC) for active vibration control of an automobile 

powertrain. Transient vibration of the powertrain caused by sudden 

changes in the engine torque significantly degrades the driving 

performance and driver comfort. In addition, the nonlinear characteristics 

owing to the backlash increase the adverse effects of these oscillations. To 

suppress the transient vibration of the powertrain, a controller is designed 

based on the mixed H2/H∞ control theory. Subsequently, to adjust for the 

vibration amplification owing to the backlash, we propose the application 

of a shock-reducing controller based on the FSC. Linearly decreasing the 

inertia weight in particle swarm optimization (LDWPSO) was applied to 

the design of this controller and parameters were optimized. Finally, 

simulations were conducted using the control method; the controller could 

prevent the occurrence of shocks owing to the gear collisions and achieved 

smooth acceleration. 

Keywords : powertrain, drivetrain, anti-jerk control, backlash, final state 

control, nonlinear model 

1. Introduction 

An automobile powertrain is a power transmission system, which is responsible 

for transmitting the drive torque produced by the engine to the tyres. Vibration in 

the powertrain during a sudden change in drive torque deteriorates comfort and 

driving performance (Pan et al., 2022).  

The differential gears in a powertrain have a gap between the gears 

(backlash), and sudden acceleration causes the gears to collide with each 

other, which generates shock torque and amplifies the amplitude of 



vibration. In addition, when the gears are not in contact, the engine cannot 

transfer the drive torque to the tyres, and the system structure of the 

powertrain changes. The nonlinear characteristics of system switching 

render the direct application of ordinary linear active controllers difficult 

(Vansevich, 2014; Vörös, 2009). Therefore, an active vibration control 

method is required for powertrains, which explicitly considers the effects 

of backlash.  

Various active vibration control methods have been proposed for 

powertrains. In the research of Rodríguez et al. (2014), an electric vehicle 

equipped with an inboard motor was controlled by combining state 

feedback and tyre tracking loop to suppress the resonance. Vadamalu and 

Beidl (2016) proposed a model predictive controller for active vibration 

control of hybrid electric vehicles. Chen et al. (2022) combined model 

predictive control with the Butterworth filter control to suppress the 

torsional vibration in response to the sudden change in drive torque. An 

anti-jerk control based on the look-ahead model predictive controller is 

proposed, which improves the vibration suppression and tracking 

performance to the target value (Batra et al., 2019). However, in these 

studies, the backlash was not included and its effect was not considered. 

Giancarlo and Mehdi (2006) proposed a state estimation method for 

backlash based on observable state quantities such as the torque from the 

engine and the angular velocity. Dhaouadi et al. (1994) considered the 

backlash issue and its effect on the control was estimated by applying the 

description function method; it was compensated by adding a first-order 

disturbance observer. Seldl et al. (1995) applied an artificial neural 

network to recognize the backlash and to study its smooth movement. 

Barbosa and Machado (2017) applied the descriptive function method with 

the discrete fractional order algorithm to the nonlinear control using PID 

control. Hunang et al. (2014) proposed a robust weighted gain-scheduling 

H∞ control design. Wu et al. (2017) considered compensation of the blind 

band characteristics of nonlinear systems based on adaptive fuzzy control. 

Ponce et al. (2016) applied H∞ control with motor position feedback to 



compensate the effect of the backlash. An attempt was made to suppress 

the vibration by applying the nonlinear problem owing to the backlash to 

the framework of the H∞ control problem (Zuppa et al., 2013). In Lagerber 

and Egardt’s research (2007), the backlash compensation function was 

improved by estimating the magnitude and state of the backlash using the 

Kalman filter.  

However, the control systems in most of the previous studies are 

complicated; for example, they require the addition of viscous damping 

that does not exist in the gears. Therefore, a simpler and more versatile 

compensation method is required.  

Several methods have been proposed for backlash compensation using 

model predictive control (MPC), such as control using horizon-1 MPC 

(Caruntu et al., 2016), MPC using four types of MPC controllers 

(Formentini et al., 2017), MPC with an additional element related to anti-

shuffle control (Atabay et al., 2018), MPC combined with state estimation 

through observers (Rostalski et al., 2007), and MPC based on receding 

horizon sliding control (Li et al., 2017). Although MPC is a promising 

approach, the heavy computational burden of online optimization makes 

its implementation difficult. To compensate for the good control 

performance with a systematic approach, it is necessary to introduce 

model-based control. However, there have been few attempts to utilize the 

effective model-based control theory for both gear contact and non-contact 

situations.  

One example of backlash compensation is the application of anti-jerk 

control. The Nissan LEAF was studied with a feed-forward controller to 

suppress torsional vibration (Kawamura et al., 2011). Truc et al. (2016) 

used a feed-forward controller based on flatness to follow a set trajectory. 

Yamaguchi et al. (2019) designed, a shock-reducing controller via final 

state control with an attempt to make the gears contact each other gently. 

Anti-jerk control is a model-based control; however, in these studies, 

modelling errors occurred between the real vehicle and anti-jerk control. It 



is necessary to consider such modelling errors by adding a proportional 

feedback controller to improve the performance.  

Although a simple backlash compensation based on the mixed H2/H∞ 

control theory has already been proposed (Yonezawa et al., 2019), this has 

not been examined for the real vehicle model in detail.  

The purpose of this study is to realize smooth acceleration of an 

automobile powertrain with nonlinear elements owing to the backlash by 

suppressing the vibration. To design a control system using the model-

based approach, the automobile powertrain model including the nonlinear 

elements was modelled via a physical function model. A mixed H2/H∞ 

controller designed using the mixed H2/H∞ control theory was used to 

suppress the torsional vibration. The backlash was compensated by 

applying the final state control to reduce the collision shock by gently 

bringing the gears in contact with each other. The parameters used in the 

final state control were optimized by linearly decreasing the inertia weight 

in particle swarm optimization (LDWPSO) . A control system was 

constructed using these methods, and the effectiveness of the proposed 

method was verified by simulations.  

This study offers the following contributions. 

 The control system is light in real-time computation load and simple to implement. 

Specifically, the model-based control system is switched between the gear contact 

and non-contact. 

 To suppress the torsional vibration during backlash coupling, a mixed H2/H∞ 

controller specialized in suppressing excessive control input and improving 

transient response is used. 

 To compensate for the backlash, we propose the application of final state control 

(FSC). Unlike the trial-and-error compensation algorithms, the final state control 

method is a systematic design process and model-based control that makes effective 

use of the models. It is possible to design the system with explicit consideration of 

the output trajectory during the backlash disconnection.  



 The optimization method can be used to design a controller that maximally reduces 

the shock caused through gear collision. 

 The effectiveness of the proposed method was verified for a detailed realistic model.   



2. Modelling of control object 

2.1 Modelling of automobile powertrain using physical function model 

The physical functional model (Hiramatsu et al., 2000; Sumida & Nagamatsu, 

2001; Sumida et al., 2002; Yonezawa et al., 2019) represents each element of a 

mechanical system as a block diagram focusing on energy flow and deals with 

nonlinear elements by changing each characteristic moment by moment. If the 

parameters of the linear block diagram are calculated from theoretical equations 

and varied moment by moment, the nonlinear characteristics of the control target 

can be described. Figure 1 shows the configuration of an automobile powertrain.  

Figure 2 shows the structure of the automobile powertrain represented by 

the physical function model. Teg is the torque from the engine (engine 

torque) and the input to the automobile powertrain. The physical 

functional model consists of yellow mechanism model blocks and white 

linear blocks. The equations that represent the nonlinear elements are 

included in the mechanism model. The equations of the mechanism model 

are calculated according to the inputs, and the values of the nonlinear 

parameters are changed. The nonlinear parameters in this study are the 

clutch friction torque, parameters used in the gears contact judgement and 

running resistance. Table 1 shows the meanings and values of the 

parameters in Figure 2.  

 

 



 

Figure 1. Schematic of automobile powertrain 

 

 

 

Figure 2. Physical function model of automobile powertrain 

 

 

 

 

 

 



Table 1. Parameters in physical function model of automobile powertrain 

Property Symbol Value Unit 

Equivalent inertia moment of engine, clutch, etc. M1 2.3E-01 kg m2 

Equivalent torsional rigidity of clutch and 

transmission 

K1 1.1E-03 N m2 

Gear ratio of transmission N1 5.3E+00 - 

Inertia moment of input side of differential gear M2 5.9E-02 kg m2 

Torsional rigidity of differential gear K2 5.7E+05 N m2 

Inertia moment of output side of differential gear M3 5.9E-02 kg m2 

Torsional rigidity of drive shaft K3 1.5E+04 N m2 

Torsional damping of drive shaft C3 7.7E+01 kg m2 s-1 

1/(radius of tyre) N2 3.3E+00 m-1 

Body mass M4 1.5E+03 kg 

Engine torque Teg - Nm 

Clutch friction torque Oc1 - Nm 

Coefficient of gears contact judgement Sw - - 

Offset torque of gears contact judgement Ok2 - Nm 

Slope of linearized running resistance C4 - kg s-1 

Intercept of linearized running resistance O4 - N 

 

2.2 Equations and nonlinear parameters inside the mechanism model 

2.2.1 Clutch friction torque 

Oc1 represents the clutch friction torque. The clutch friction torque is the torque 

generated by the frictional force owing to the difference in the rotational speed of 



the engine and tyre sides of the clutch. Assuming that the rotational speeds of the 

engine and tyre sides as ω1 and ω2, the value of Oc1 is represented as: 

 

𝑂𝑂𝑐𝑐1 = 13.5 𝑁𝑁𝑁𝑁              (𝜔𝜔1 − 𝜔𝜔2 > 0) 

𝑂𝑂𝑐𝑐1 = −13.5 𝑁𝑁𝑁𝑁          (𝜔𝜔1 − 𝜔𝜔2 < 0) 

𝑂𝑂𝑐𝑐1 = 0 𝑁𝑁𝑁𝑁                   (𝜔𝜔1 − 𝜔𝜔2 = 0) 

(1) 

2.2.2. Gears contact judgement 

Sw and Ok2 were set as the parameters to identify the gear contact state during the 

backlash. Sw indicates whether the gears are in contact with each other, and Ok2 is 

the offset torque to express the function of the dead zone effect in the backlash. 

Figure 3 demonstrates the relationship between the rotational angle difference ∆θ 

between the input (engine-side) and output sides (tyre-side) of the differential gear 

and torsional torque T generated by the gear contact. The range of the backlash 

varies with the car; however, in this study, the range is assumed from -2° to 2°. In 

this range, the gears are not in contact with each other, and torsional torque T is 0. 

In contrast, when the rotational angle difference exceeds this range, the gears are 

in contact with each other and torsional torque T is generated. This relationship is 

expressed as:  

 

𝑇𝑇 = 𝑆𝑆𝑤𝑤 ∙ 𝐾𝐾2 ∙ ∆𝜃𝜃′ + 𝑂𝑂𝑘𝑘2 

𝑆𝑆𝑤𝑤 =  �
0,      |𝐾𝐾2 ∙ ∆𝜃𝜃′| < 20000
1,      𝐾𝐾2 ∙ ∆𝜃𝜃′ ≥ 20000
1,      𝐾𝐾2 ∙ ∆𝜃𝜃′ ≤ −20000

 

𝑂𝑂𝑘𝑘2 =   �
0,      |𝐾𝐾2 ∙ ∆𝜃𝜃′| < 20000

−20000,      𝐾𝐾2 ∙ ∆𝜃𝜃′ ≥ 20000
20000,      𝐾𝐾2 ∙ ∆𝜃𝜃′ ≤ −20000

 

(2) 

where ∆θ' is the conversion of ∆θ into radians. 

 



 

Figure 3. Relationship between ∆θ and T 

 

2.2.3 Running resistance 

In this study, running resistance consists of air resistance Fa and rolling resistance 

Fr. Air resistance Fa is the force exerted by the air on the front surface of the 

vehicle body, and it can be expressed by Equation (3), using the vehicle speed v. 

The meanings and values of the parameters in Equation (3) are presented in Table 

2. 

 𝐹𝐹𝑎𝑎 =  
1
2
𝐶𝐶𝑑𝑑 ∙ 𝜌𝜌 ∙ 𝐴𝐴𝑐𝑐 ∙ 𝑣𝑣2 (3) 

Rolling resistance Fr is the rotational resistance caused by the tyres and 

drive shafts. Experiments have shown that Fr is related to v. By 

approximating the relationship between Fr and v with the cubic equation 

for v, the following equation is obtained.  

 𝐹𝐹𝑟𝑟 = 0.0003𝑣𝑣3 + 0.0731𝑣𝑣2 − 2.2271𝑣𝑣 + 142.12 (4) 



The total of Fa and Fr is the running resistance Fb.  

 𝐹𝐹𝑏𝑏 =  𝐹𝐹𝑎𝑎 + 𝐹𝐹𝑟𝑟 (5) 

Using Equation (5), C4 and O4, from Table 1, are defined as:  

 𝐶𝐶4 =
d𝐹𝐹𝑏𝑏
d𝑣𝑣

 (6) 

 

 𝑂𝑂4 = 𝐹𝐹𝑏𝑏 − 𝐶𝐶4 ∙ 𝑣𝑣 (7) 

Table 2. Parameters of air resistance formula 

Property Symbol Value Unit 

Coefficient of drag Cd 0.3 - 

Air density (20 °C, 1 atm) ρ 1.2 kg m-3 

Frontal projected area Ac 2.2 m2 

 

2.3 State and output equations of the automobile powertrain model 

The state and output equations are derived for the automobile powertrain model 

obtained in Section 2.1. By defining the state quantities for each integrator shown 

in Figure 2, Equation (8) is obtained. The state quantity x and the input u are 

defined as in Equation (9). The properties of each state quantity in (9) are shown 

in Table 3. For the inputs, please refer Table 1 and 2. 2. In this study, the output y 

is the vehicle acceleration.  

 
𝐱̇𝐱 = 𝐀𝐀𝐀𝐀 + 𝐁𝐁𝐁𝐁 

𝑦𝑦 = 𝐂𝐂𝐂𝐂 + 𝐃𝐃𝐃𝐃 
(8) 

 



 𝐱𝐱 =

⎣
⎢
⎢
⎢
⎢
⎢
⎡
𝑥𝑥𝑚𝑚1
𝑥𝑥𝑘𝑘1
𝑥𝑥𝑚𝑚2
𝑥𝑥𝑘𝑘2
𝑥𝑥𝑚𝑚3
𝑥𝑥𝑘𝑘3
𝑥𝑥𝑚𝑚4⎦

⎥
⎥
⎥
⎥
⎥
⎤

,𝐮𝐮 =  �

𝑂𝑂𝑐𝑐1
𝑂𝑂𝑘𝑘2
𝑂𝑂4
𝑇𝑇𝑒𝑒𝑒𝑒

� (9) 

Each coefficient matrix in Equation (8) is expressed as: 

 

𝐀𝐀

=  

⎣
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎡ 0 −

1
𝑀𝑀1

0 0 0 0 0

𝐾𝐾1 0 −𝐾𝐾1 ∙ 𝑁𝑁1 0 0 0 0

0
𝑁𝑁1
𝑀𝑀2

0 −
𝑆𝑆𝑤𝑤
𝑀𝑀2

0 0 0

0 0 𝐾𝐾2 0 −𝐾𝐾2 0 0

0 0 0
𝑆𝑆𝑤𝑤
𝑀𝑀3

−
𝐶𝐶3
𝑀𝑀3

−
1
𝑀𝑀3

𝐶𝐶3 ∙
𝑁𝑁2
𝑀𝑀3

0 0 0 0 𝐾𝐾3 0 −𝐾𝐾3 ∙ 𝑁𝑁2

0 0 0 0 𝑁𝑁2 ∙
𝐶𝐶3
𝑀𝑀4

𝑁𝑁2
𝑀𝑀4

−
𝐶𝐶3 ∙ 𝑁𝑁22 + 𝐶𝐶4

𝑀𝑀4 ⎦
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎤

 

𝐁𝐁 =  

⎣
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎡−

1
𝑀𝑀1

0 0
1
𝑀𝑀1

0 0 0 0
𝑁𝑁1
𝑀𝑀2

−
1
𝑀𝑀2

0 0

0 0 0 0

0
1
𝑀𝑀3

0 0

0 0 0 0

0 0 −
1
𝑀𝑀4

0
⎦
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎤

 

𝐂𝐂 = �0 0 0 0
𝑁𝑁2 ∙ 𝐶𝐶3
𝑀𝑀4

𝑁𝑁2
𝑀𝑀4

−
𝐶𝐶3 ∙ 𝑁𝑁22 + 𝐶𝐶4

𝑀𝑀4
� 

𝐃𝐃 = �0 0 −
1
𝑀𝑀4

0� 

(10) 

 

 



Table 3. Parameters of state variable in automobile powertrain 

Property Symbol Unit 

Angular velocity of engine flywheel xm1 rad s-1 

Clutch spring torque xk1 Nm 

Angular velocity on the input side of the differential gear xm2 rad s-1 

Relative angle of the input side of the differential gear to the output side xk2 rad 

Angular velocity on the output side of the differential gear xm3 rad s-1 

Torsional torque of drive shaft xk3 Nm 

Car velocity xm4 m s-1 
  



3. Controller design based on mixed H2/H∞ control theory 

The mixed H2/H∞ control theory (Kaminer et al.,1993; Nishidome & Kajiwara, 

2003; Wang et al., 2013; Yonezawa et al., 2019) is a control theory, in which the 

evaluated quantities to be controlled are expressed in terms of the H2 and H∞ 

norms.  By evaluated in the H2 and H∞ norms, the transient response is improved 

and robust stability is ensured. In this study, the evaluated quantities are the 

vehicle acceleration and the engine torque Teg. To improve the transient response, 

the vehicle acceleration is evaluated in the H2 norm.  To suppress the excessive 

Teg, the Teg is evaluated in the H∞ norm.  

In the mixed H2/H∞ control theory, effective vibration suppression and 

robustness are achieved using a weight function with large gain in the 

frequency band, for which the evaluation quantity is to be reduced. The 

target in this study is the first-order vibration mode (low-frequency 

vibration of approximately 7 Hz) of the acceleration. Therefore, the weight 

function applied to the acceleration is a Butterworth low-pass filter with 

cut-off frequency of 10 Hz. In contrast, if the Teg is suppressed in the 

frequency band where the vibration is to be suppressed, the acceleration 

gain cannot be reduced effectively. In addition, the Teg is the engine 

torque, and high frequency components cannot be output owing to the 

mechanism of the engine. Therefore, the weight function applied to the Teg 

is a Butterworth high-pass filter with cut-off frequency of 50 Hz. The 

order of the low-pass and high-pass filters is set to 3.  

The mixed H2/H∞ control theory is designed for a generalized plant G, as 

shown in Figure 4, where W2 is the low-pass filter and W∞ is the high-pass 

filter. P is a linearised control target with nonlinear elements fixed. The 

generalized plant G is represented as: 

�
𝐳𝐳
𝑦𝑦𝑘𝑘� = 𝐆𝐆 �

𝐰𝐰
𝑢𝑢𝑘𝑘� = �𝐆𝐆𝟏𝟏𝟏𝟏 𝐆𝐆𝟏𝟏𝟏𝟏

𝐆𝐆𝟐𝟐𝟐𝟐 𝐆𝐆𝟐𝟐𝟐𝟐
� �
𝐰𝐰
𝑢𝑢𝑘𝑘� 

                 𝐳𝐳 = �
𝑧𝑧2
𝑧𝑧∞� 

(11) 



where z is the control quantity, yk is the observed output, and uk is the 

control input. w is the external input, which is the shock due to gear 

contact and brake. The variable z2 is the controlled variable on the 

observed output (acceleration of the vehicle) after passing through the 

low-pass filter W2 and z∞ is the controlled variable on the control input 

(engine torque) after passing through the high-pass filter W∞. Defining z2 

and z∞ by this manner allows considering the trade-off between control 

performance and control input costs. The low-pass and high-pass filters 

are applied to z2 and z∞, respectively, to define the controlled frequency 

band appropriately. 

If the controller is KH2H∞, the relation between uk and yk is expressed as:  

 𝑢𝑢𝑘𝑘 = 𝐊𝐊𝐇𝐇𝐇𝐇𝐇𝐇∞𝑦𝑦𝑘𝑘 (12) 

Combining Equations (11) and (12), Equation (13) holds between the 

external input w and control quantities z.  

 
𝐳𝐳 = 𝐆𝐆𝐳𝐳𝐳𝐳𝐰𝐰 

𝐆𝐆𝐳𝐳𝐳𝐳 = 𝐆𝐆𝟏𝟏𝟏𝟏 + 𝐆𝐆𝟏𝟏𝟏𝟏𝐊𝐊𝐇𝐇𝐇𝐇𝐇𝐇∞(1 − 𝐆𝐆𝟐𝟐𝟐𝟐𝐊𝐊𝐇𝐇𝐇𝐇𝐇𝐇∞)−1𝐆𝐆𝟐𝟐𝟐𝟐 
(13) 

In the mixed H2/H∞ control theory, the controller is designed to minimize 

the following equation:  

 
𝛼𝛼‖𝐆𝐆𝐳𝐳∞𝐰𝐰‖∞2 + 𝛽𝛽‖𝐆𝐆𝐳𝐳𝐳𝐳𝐳𝐳‖22 

𝛼𝛼 = 1.0,𝛽𝛽 = 1.0 × 103 
(14) 

The variables α and β are the relative weights in evaluating the H∞ and H2 

norms, respectively. In Equation (14), the performance indices for 

controlled response and control input costs are specified in H2 norm and H

∞ norm, respectively. By adjusting α and β, designers can consider the 



trade-off between control performance and control input costs. In this 

study, the relative weights were determined by trial-and-error adjustments 

based on simulation tests to achieve both good transient response and 

control input cost savings. ‖Gz2w‖2 is the H2 norm of the transfer function 

Gz2w from w to z2 and ‖Gz∞w‖∞ is the H∞ norm of the transfer function Gz∞w 

from w to z∞.  

With only the control input designed using the methods, an offset appears 

between the acceleration response and target value. To improve the 

trackability to target value, a feed-forward input is added.  

 

 

Figure 4. Block diagram of generalized plant G 

 

4. Backlash compensation using final state control 

4.1 About final state control 

When the pair gears are not in contact with each other, the automobile powertrain 

cannot transmit the engine torque to the tyre-side and the change in vehicle 



acceleration is insignificant regardless of the engine torque. The longer the non-

contact time (dead time), the longer is the time lag between the driver-directed 

acceleration timing and vehicle’s acceleration. This time lag causes discomfort to 

the driver. While the gears are not in contact, the mixed H2/H∞ controller tries to 

follow the target value, so the control input is gradually increased. The longer the 

time lag, the more excessive the control input becomes when the gears make 

contact and bigger the shock when the gears make contact. Therefore, the gears 

should make contact as soon as possible so that the shocks at the time of contact 

are suppressed. By systematically designing these two requirements, the trial-and-

error process to compensate for backlash can be eliminated and burden on the 

designer can be reduced. In addition, off-line design of control inputs to realize 

loose gear contact can reduce the computational load during simulation and 

implementation. In this study, we propose the application of final state control 

(FSC) (Hirata et al., 2005; Totani & Nishimura, 1994) as a compensation for 

backlash.  

Final state control is a control method for controllable one-input discrete-

time systems; it is expressed in Equation (15), in which the control input is 

obtained from the initial state xF (0) to final state xF (NFSC) in NFSC steps.  

 𝐱𝐱𝐅𝐅 (𝑘𝑘 + 1) = 𝐀𝐀𝐅𝐅𝐱𝐱𝐅𝐅 (𝑘𝑘) + 𝐁𝐁𝐅𝐅𝑢𝑢𝐹𝐹 (𝑘𝑘) (15) 

Where, m is a positive integer, AF is a real matrix of m×m size, and BF is a 

real matrix of m×1 size. Such an input is not uniquely definite in general. 

Therefore, for any positive definite matrix QF,  

 𝐽𝐽 = 𝐔𝐔𝐅𝐅𝐅𝐅𝐅𝐅T 𝐐𝐐𝐅𝐅𝐔𝐔𝐅𝐅𝐅𝐅𝐅𝐅. (16) 

The control input that minimizes Equation (16) is obtained; however, let 

UFSC be defined as:  



 𝐔𝐔𝐅𝐅𝐅𝐅𝐅𝐅 ∶= (𝑢𝑢𝐹𝐹  (0), 𝑢𝑢𝐹𝐹  (1), … 𝑢𝑢𝐹𝐹 (𝑁𝑁𝐹𝐹𝐹𝐹𝐹𝐹 − 1))𝑇𝑇 (17) 

Hirata et al. (2005) show that the following theorem is obtained by 

defining Σ as Equation (18). 

 𝚺𝚺 = [𝐀𝐀𝐅𝐅
𝑁𝑁𝐹𝐹𝐹𝐹𝐹𝐹−1𝐁𝐁𝐅𝐅, 𝐀𝐀𝐅𝐅

𝑁𝑁𝐹𝐹𝐹𝐹𝐹𝐹−2𝐁𝐁𝐅𝐅, … 𝐁𝐁𝐅𝐅] (18) 

(Theorem) In Equation (15), the input uF (k) that minimizes Equation (16) 

among the inputs uF (k) to reach the final state xF (NFSC) from the initial 

state xF (0) is expressed as:  

 

𝐔𝐔𝐅𝐅𝐅𝐅𝐅𝐅 = 𝐐𝐐𝐅𝐅
−1𝚺𝚺𝑇𝑇(𝚺𝚺𝐐𝐐𝐅𝐅

−1𝚺𝚺𝑇𝑇)−1�𝐱𝐱𝐅𝐅 (𝑁𝑁𝐹𝐹𝐹𝐹𝐹𝐹)

− 𝐀𝐀𝐅𝐅
𝑁𝑁𝐹𝐹𝐹𝐹𝐹𝐹𝐱𝐱𝐅𝐅 (0)� 

𝑁𝑁𝐹𝐹𝐹𝐹𝐹𝐹 ≥ 𝑚𝑚 

(19) 

(Hirata et al., 2005, p525) 

For more details on final state control, please refer the research of Hirata et 

al. (2005) and the research of Totani & Nishimura (1994).  

4.2 Application of final state control to automobile powertrain model 

Based on Equation (19), we consider an application of the backlash problem of 

automobile powertrain. If A and B in Equation (10) are used as AF and BF in 

Equation (15), the number of state quantities becomes seven. It increases the 

designer’s burden. Therefore, one-input discrete-time system is set up separately, 

in which only the element related to the differential gear is used as the state 

quantity xF. As introduced in Section 2.2.2, the difference in rotation angles 

between the engine-side and tyre-side of the differential gears is in the range from 

-2° to 2°. Meanwhile, the relative angles of the engine-side viewed from the tyre-

side are in the range from 0° to 4°. Further, when considering the behaviour of the 



engine-side viewed from the tyre-side, the tyre-side can be considered relatively 

stationary. Therefore, xF is set as the relative angle and relative angular velocity of 

the engine-side inertia as viewed from the tyre-side inertia inside the differential 

gears. Via this setting of xF, the tyre-side inertia can be omitted from the system 

design.  

From the automobile powertrain model shown in Figure 2, a discrete-time 

system was constructed with the relative angle and relative angular 

velocity as state quantities. Figure 5 shows the part of the control target 

used in the final state control. As xF is a relative value from the tyre-side, 

the downstream systems after the tyre-side are not considered.  

First, from the engine-side inertia in Figure 5, the equivalent torsional 

rigidity of clutch and transmission K1 and the clutch friction torque Oc1 are 

omitted from the model. This is because these elements are relatively 

small in the engine-side inertia and are not considered to have a significant 

influence on the reproduction of the powertrain behaviour.  

If K1 and Oc1 are omitted, the engine-side inertia becomes as illustrated in 

Figure 6. If the force generated inside the transmission is F, the equations 

of motion for the rotating system of the crankshaft and engine-side 

differential gear are Equation (20) and Equation (21), respectively. The 

value of t is time. Teg is the engine torque. M1 is the equivalent inertia 

moment of engine, clutch, etc. M2 is the inertia moment of input side 

(engine-side) of differential gear. r1 and r2 are the gear radii on the engine 

and tyre-sides of the transmission, respectively. θ1 and θ2 are the angles on 

the engine and tyre-side of the transmission, respectively. Because the 

transmission of tyre-side and differential gear are connected, θ2 is also the 

relative angle of the engine-side gear of the differential gear viewed from 

the tyre-side gear. 

 𝑀𝑀1 ∙ 𝜃𝜃1̈ (𝑡𝑡) = 𝑇𝑇𝑒𝑒𝑒𝑒 − 𝐹𝐹 ∙ 𝑟𝑟1 (20) 



 

 𝑀𝑀2 ∙ 𝜃𝜃2̈ (𝑡𝑡) = 𝐹𝐹 ∙ 𝑟𝑟2 (21) 

As the gears of the transmission are in contact with each other, Equation 

(22) holds.  

 𝑟𝑟1 ∙ 𝜃𝜃1̈ (𝑡𝑡) = 𝑟𝑟2 ∙ 𝜃𝜃2̈ (𝑡𝑡) (22) 

Combining Equations (20)-(22), we obtain Equation (23), where N1 is the 

gear ratio of the transmission. 

 
�𝑁𝑁1 ∙ 𝑀𝑀1 +

𝑀𝑀2

𝑁𝑁1
� 𝜃𝜃2̈ (𝑡𝑡) = 𝑇𝑇𝑒𝑒𝑒𝑒 

𝑁𝑁1 =
𝑟𝑟1
𝑟𝑟2

 
(23) 

The system to be controlled used in final state control is set as in Equation 

(24).  

 �𝜃𝜃2̇ (𝑡𝑡)
𝜃𝜃2̈ (𝑡𝑡)

� = �0 1
0 0� �

𝜃𝜃2 (𝑡𝑡)
𝜃𝜃2̇ (𝑡𝑡)

� + �

0
1

𝑁𝑁1 ∙ 𝑀𝑀1 + 𝑀𝑀2
N1

� 𝑇𝑇𝑒𝑒𝑒𝑒 (24) 

Comparing Equation (24) with Equation (15), we get AF and BF as 

Equation (25). Discretizing Equation (25), the obtained coefficient matrix 

is used in the final state control. 



 

𝐀𝐀𝐅𝐅 = �0 1
0 0� 

𝐁𝐁𝐅𝐅 = �

0
1

𝑁𝑁1 ∙ 𝑀𝑀1 + 𝑀𝑀2
N1

� 
(25) 

 

 

Figure 5. Control target used in final state control 

 

 

 

Figure 6. Simplification of engine-side inertia 

 



4.3 Final state control optimization using LDWPSO 

When driving a car, there is dead time between the time when the driver presses 

the accelerator pedal and time when the car accelerates. This is because the driver 

may feel fear if the car behaves too well to the accelerator pedal operation. In this 

study, final state control is used during the dead time to reduce the gear collision 

shock caused to the backlash.  

The initial state, the final state and the dead time should be determined by 

the designer. One way to determine these values is by trial-and-error 

adjustment. However, this increases the designer's burden. Therefore, 

these values are adjusted by linearly decreasing the inertia weight in 

particle swarm optimization (LDWPSO) (Shi & Eberhart, 1998, 1999) to 

search for the parameters, which maximally suppress the vibration.  

The particle swarm optimization (PSO) method is a heuristic optimization 

method inspired by the social flocking behaviour of birds, which share 

their experiences. (Marini & Walczak, 2015; Zietkiewicz et al., 2020) 

LDWPSO is an improved version of PSO and a method that linearly 

decreases the weight of velocity inertia at each iteration. At the beginning 

of the search, the weights are large to enable wide search; as the number of 

iterations progresses, the weights become smaller. By decreasing the 

weights, the particles are more likely to converge to a single point, which 

improves the convergence to the true optimal solution.  

The flow of LDWPSO is described as follows. First, the designer sets the 

number of particles. In this study, the number of particles was set to 100. 

The swarm is initialized by randomly assigning an initial velocity and 

position to each particle. As each particle moves, it evaluates its current 

position with respect to the objective function to be minimized. The 

objective function FOb to be minimized by LDWPSO is shown in Equation 

(26). The meanings and values of the parameters of the objective function 

are presented in Table 4.  



 𝐹𝐹𝑂𝑂𝑂𝑂 = 𝑊𝑊𝑒𝑒 ∙ ‖𝐴𝐴𝑇𝑇 − 𝐴𝐴𝐵𝐵‖2 + 𝑊𝑊𝑢𝑢 ∙ �𝑇𝑇𝑒𝑒𝑒𝑒�2 (26) 

In the vibration control of an automobile powertrain, the acceleration 

response is required to follow the target value, while the engine torque 

(control input) is required not to be excessive. Therefore, considering the 

two norms of the difference between the target value and vehicle 

acceleration, and the engine torque, we have developed an objective 

function that can consider both the following to the target value and the 

engine torque. Because the oscillations occur approximately 2.0 s after the 

start of the simulation, the period for evaluation was set as from 1.5 to 2.3 

s (refer the simulation results in Chapter 5). 

The parameters that minimize Equation (26) are searched for as each 

particle updates its velocity and position. Each particle searches for the 

parameter that minimizes the evaluation function by updating the 

following two equations.  

 

𝑣𝑣𝑖𝑖𝑖𝑖  (𝑡𝑡 + 1) = 𝑤𝑤 (𝑡𝑡)𝑣𝑣𝑖𝑖𝑖𝑖  (𝑡𝑡)

+ 𝑐𝑐1𝑅𝑅1�𝑝𝑝𝑖𝑖𝑖𝑖 (𝑡𝑡) − 𝑥𝑥𝑖𝑖𝑖𝑖  (𝑡𝑡)�

+ 𝑐𝑐2𝑅𝑅2 �𝑝𝑝𝑔𝑔𝑔𝑔 (𝑡𝑡) − 𝑥𝑥𝑖𝑖𝑖𝑖  (𝑡𝑡)� 

(27) 

 

 𝑥𝑥𝑖𝑖𝑖𝑖  (𝑡𝑡 + 1) = 𝑥𝑥𝑖𝑖𝑖𝑖  (𝑡𝑡) + 𝑣𝑣𝑖𝑖𝑖𝑖  (𝑡𝑡 + 1) (28) 

Equations (27) and (28) are called the velocity and position update 

equations, respectively. The meanings and values of each parameter in the 

equations are listed in Table 5. For each particle, if the fitness value at the 

current position xid (t) is smaller than the current best position pid (t), the 



particle updates its own best position pid (t). The pid (t) of each particle is 

compared, and if any of them has the smallest fitness value of the group 

until that time, its position is updated as pgd (t). In Equation (27), w (t) is 

expressed as:  

 𝑤𝑤 (𝑡𝑡) = 𝑊𝑊𝑚𝑚𝑚𝑚𝑚𝑚 −
𝑊𝑊𝑚𝑚𝑚𝑚𝑚𝑚 −𝑊𝑊𝑚𝑚𝑚𝑚𝑚𝑚

𝑡𝑡𝑚𝑚𝑚𝑚𝑚𝑚
∙ 𝑡𝑡 (29) 

Where, Wmax and Wmin represent the initial and final weights respectively. 

tmax is the maximum number of iterations, which in this study is 100. From 

Equation (29), w (t) decreases linearly from Wmax to Wmin with each 

increase in the number of iterations. This reduces the influence of vid (t) in 

Equation (27) and increases the influence of terms related to pid (t) and pgd 

(t) relatively more. Using large initial weights in the early stage of the 

search and small final weights in the end of the search, particles approach 

pid (t) and pgd (t) more readily and converge to a single point more easily 

than in the conventional PSO. In this study, Wmax and Wmin are set to 0.9 

and 0.4, respectively.  

The three design variables adjusted by LDWPSO are the dead time TFSC, 

relative angle 𝜃𝜃2 (𝑁𝑁𝐹𝐹𝐹𝐹𝐹𝐹), and relative angular velocity 𝜃̇𝜃2 (𝑁𝑁𝐹𝐹𝐹𝐹𝐹𝐹) in the 

final state. In most cases, the present car dead time is assumed 

approximately 0.05 s. As the range of backlash is in the range from -2° to 

2°, the relative angle in the final state should be 4°. In addition, the relative 

angular velocity in the final state should be 0 rad s-1 to contact the gear as 

gently as possible. However, excessive control input is required to reach 

closer to these values. Therefore, it is necessary to determine parameters 

that minimize the dead time and simultaneously avoid excessive control 

input to bring the gears in contact. Table 6 lists the parameters before 

optimization. NFSC is obtained by dividing TFSC by Ts. 

Table 7 presents the results of optimization using LDWPSO. The adjusted 

results show that TFSC is slightly longer than 0.05 s; however, short enough 



to bring the gears in contact. The relative angular velocity 𝜃̇𝜃2 (𝑁𝑁𝐹𝐹𝐹𝐹𝐹𝐹) was 

adjusted at 0 rad s-1; however, the relative angle 𝜃𝜃2 (𝑁𝑁𝐹𝐹𝐹𝐹𝐹𝐹) was adjusted at 

an angle smaller than 4° owing to the effect of running resistance. When 

the engine gear moves closer to the tyre gear, the tyre gear also moves 

relatively closer to the engine gear. Therefore, the angle, at which the 

engine gear must move for the gears to make contact is smaller than 4°.  

In addition, basic PSO and LDWPSO were compared. In the basic PSO, 

the optimization is performed by setting w (t) in Equation (29) to 1. The 

values of the objective function FOb in Equation (26) before optimization, 

after optimization via basic PSO, and after optimization via LDWPSO are 

listed in Table 8. The fact that LDWPSO has a smaller value of the 

objective function than that of the basic PSO indicates that LDWPSO has 

an advantage over the basic PSO.  

Using the optimization parameters, the behaviour of the control input in 

Equation (19) is shown in Figure 7. In Figure 7, UFSC is the positive torque 

at the beginning, and then UFSC gradually decreases. Immediately after the 

rattling starts, positive torque closes the backlash forcefully. When the 

gears make contact, negative torque reduces the momentum, so that the 

contact is gradual without generating a shock. 

 



 

Figure 7. Control input of final state control 

 

Table 4. Parameters of LDWPSO’s objective function 

Property Symbol Value Unit 

Inertia weight of acceleration norm We 1 - 

Inertia weight of engine torque norm Wu 0.01 - 

Target acceleration (1.5~2.3 s) AB - m s-2 

Vehicle acceleration (1.5~2.3 s) AT - m s-2 

Engine torque (1.5~2.3 s) Teg - Nm 

2-norm of ∙ ‖∙‖2 - - 

 

 

 

 

 

 

 



Table 5. Parameters of velocity update formula and position update formula  

Property Symbol Value 

Particle number i 1–100 

Iteration number t 1–100 

Dimension number d 1–3 

Cognitive learning rate C1 0.9 

Social learning rate C2 0.9 

Random number in the range [0.0, 1.0] R1 [0.0, 1.0] 

Random number in the range [0.0, 1.0] R2 [0.0, 1.0] 

Inertia weight on velocity w - 
Rate of change in position (velocity) of the i-th particle in the d-

th dimension vid - 

Position of the i-th particle in the d-th dimension xid - 

Personal best position of the i-th particle in the d-th dimension pid - 

Global best position in the d-th dimension pgd - 

 

Table 6. Parameters of FSC before optimization by LDWPSO 

Property Symbol Value Unit 

Time of FSC TFSC 0.05 s 

Sampling time Ts 0.00002 s 

Step number of FSC NFSC 2500 - 

Initial state of 𝜃𝜃2 𝜃𝜃2 (0) 0 ° 

Initial state of 𝜃̇𝜃2 𝜃̇𝜃2 (0) 0 rad s-1 

Initial state of 𝜃𝜃2 𝜃𝜃2 (𝑁𝑁𝐹𝐹𝐹𝐹𝐹𝐹) 4 ° 

Initial state of 𝜃̇𝜃2 𝜃̇𝜃2 (𝑁𝑁𝐹𝐹𝐹𝐹𝐹𝐹) 0 rad s-1 

 

 

 

 

 

 



Table 7. Parameters of FSC after optimization by LDWPSO 

Property Symbol Value Unit 

Time of FSC TFSC 0.1192 s 

Sampling time Ts 0.00002 s 

Step number of FSC NFSC 5960 - 

Initial state of 𝜃𝜃2 𝜃𝜃2 (0) 0 ° 

Initial state of 𝜃̇𝜃2 𝜃̇𝜃2 (0) 0 rad s-1 

Initial state of 𝜃𝜃2 𝜃𝜃2 (𝑁𝑁𝐹𝐹𝐹𝐹𝐹𝐹) 3.7302 ° 

Initial state of 𝜃̇𝜃2 𝜃̇𝜃2 (𝑁𝑁𝐹𝐹𝐹𝐹𝐹𝐹) 0 rad s-1 

 

Table 8. Objective function values of each PSO 

 Before optimization Basic PSO LDWPSO 

The value of objective 
function 31.9083 3.8139 3.8111 

 

4.4 Control system configuration 

The control system was configured using the control methods introduced in the 

previous sections. The configuration of the control system is shown in Figure 8. 

KH2H∞ is the mixed H2/H∞ controller, P is the automobile powertrain model, UFSC 

is the controller for final state control, and FF input is the feed-forward input. To 

make the vehicle acceleration follow the target value, the difference between the 

target value r and vehicle acceleration y is input to the mixed H2/H∞ controller.  

To accommodate the system characteristic fluctuations in the automobile 

powertrain model due to the backlash and to suppress the amplification of 

vibration caused by the gear contact, the control input of UFSC is input to 

the automobile powertrain. However, UFSC cannot compensate for the 

suppression of torsional vibration and trackability to the target value r. 

Contrarily, the mixed H2/H∞ controller and feed-forward input can 

compensate for the characteristics not considered in the final state control; 

however, they cannot compensate for the shock due to backlash. 



Therefore, the engine torque input to the automobile powertrain is 

switched for control.  

The switching of engine torque is described as follows. From the 

beginning of the simulation until the driver starts pressing the accelerator 

pedal, the engine torque is assumed the sum of the input from the mixed 

H2/H∞ controller and feed-forward input. The control input for the final 

state control is the engine torque between when the driver starts pressing 

the accelerator pedal and when the acceleration starts. When the gears 

meet each other through the control input of final state control, the vehicle 

starts to accelerate. At this point, the engine torque is again returned to the 

sum of the input from the mixed H2/H∞ controller and feed-forward input 

to suppress the torsional vibration. Figure 9 presents an illustration of the 

switching of the control inputs to control target. In this figure, the period 

from the start of simulation to when the driver starts pressing the 

accelerator pedal and the period after the gear comes in contact correspond 

to the contact mode. The period from when the driver starts pressing the 

accelerator pedal to when the acceleration starts corresponds to the 

backlash mode.  

 

 

Figure 8. Block diagram of control system 

 

 



 

Figure 9. Switching controllers 

 

5. Verification of simulation 

5.1 Simulation conditions 

In this study, the simulation was performed under the condition that the car was 

first in a state of gradual deceleration, and then in a state of rapid acceleration. 

This means that the driver released the accelerator pedal and then accelerated by 

pressing the accelerator pedal. The rapid acceleration produced a low-frequency 

vibration. Because the low-frequency vibration interferes with the driving 

performance and riding comfort of the automobiles, the resonance to be 

suppressed is the low-frequency vibration of the first-order natural frequency (7 

Hz) of the automobile powertrain. The simulation time was 3.5 s, and engine 

torque switched 2.0 s after the start of the simulation. The sampling period was set 

to 50 kHz. The initial conditions of the state quantities set for the automobile 

powertrain are listed in Table 9, to reproduce the behaviour of the automobile in 

the deceleration state.  

 

 



Table 9. Parameters of initial state value in automobile powertrain 

Property Symbol Unit 

Angular velocity of engine flywheel 1416.16084・2π/60 rad s-1 

Clutch spring torque -3.418/K1 Nm 
Angular velocity on the input side of the 

differential gear 1416.16084・2π/(60・N1) rad s-1 

Relative angle of the input side of the 
differential gear to the output side -2・π/180 rad 

Angular velocity on the output side of the 
differential gear 1416.16084・2π/(60・N1) rad s-1 

Torsional torque of drive shaft -18.18/K3 Nm 

Car velocity 1416.16084・2π/(60・N1・N2) m s-1 
  



5.2 Simulation results 

Figure 10 shows the simulation results of the vibration control of an automobile 

powertrain when the engine torque is changed from -4 Nm to 16 Nm. The upper 

graph shows the time response of the vehicle acceleration and lower graph shows 

the time response of the engine torque (control input). The red lines show the 

results obtained using the proposed method with the mixed H2/H∞ control  and 

final state control. The blue lines show the results of open-loop response. The 

green line shows the ideal acceleration response (target acceleration) that should 

be realized by the control.  

The blue line shows that the acceleration response is delayed in relation to 

the rise in the target value, and that overshooting occurs. This indicates 

that the backlash is causing the automobile powertrain to act as a dead 

zone, and that the gears are contacting each other, resulting in a shock. 

After the overshooting occurs, a small negative constant acceleration is 

observed for some time, and then overshooting occurs again. The constant 

acceleration indicates that the shock of contact causes the gears to separate 

once again. After that, the gears contact each other again and the 

momentum of the contact causes another shock; this behaviour is repeated 

about twice. Figure 11 shows the behaviour of the relative angles in the 

differential gears. It can be seen from the movement of the blue lines in 

Figures 10 and Figure 11 that the gears are separated when the 

acceleration reaches a certain value.  

The acceleration response of the red line in Figure 10 shows that the 

vehicle begins to accelerate in accordance with the rise in the target value 

by applying the mixed H2/H∞ controller and final state control, and that a 

good transient response is realized by suppressing the vibration. 

Furthermore, Figure 11 shows that the gears gradually move from 

deceleration to the acceleration during the waste time and that they gently 

contact each other approximately 2.0 s before the acceleration starts. The 

gentle contact of the gears suppresses the increase in vibration amplitude 

caused by the collision, resulting in smooth acceleration.  



To verify the effectiveness of final state control, Figure 12 compares the 

results with and without the final state control. The red line shows the 

result with final state control, and black line shows the result without final 

state control; the control is always performed by the mixed H2/H∞ 

controller. Specifically, the black line corresponds to the case in Figure 9 

where the control is always performed in the contact mode. When the final 

state control is not applied, the acceleration timing is delayed and an 

overshooting occurs in the acceleration response. This indicates that the 

control by the mixed H2/H∞ controller alone cannot avoid the occurrence 

of shocks owing to the backlash collision and cannot suppress the 

overshooting. The mixed H2/H∞ controller cannot cope with the backlash 

problems. Applying the final state control, the control system can cope 

with the backlash problems.  

To demonstrate the effectiveness of the parameter tuning of the final state 

control by LDWPSO, the responses before and after the optimization are 

compared. Figure 13 compares the responses before and after parameter 

adjustment. The black line shows the results before parameter adjustment, 

and red line shows the results after parameter adjustment. Refer Table 6 

for the parameters of final state control in the black line and Table 7 for 

the parameters in the red line. Comparing with the black line and red line 

of the acceleration responses, the red line shows that the acceleration 

timing is faster and impact caused by the gear contact is suppressed. In 

addition, it is necessary for the suppression of vibrations to be cost-

effective as reducing fuel consumption and saving energy are crucial. The 

engine torque behaviour of the black line is approximately 200 Nm 

immediately after shifting to the backlash mode. On the other hand, the 

output is approximately 30 Nm after the parameter adjustment. This 

indicates that vibration control can be achieved with less control input by 

adjusting the parameters using LDWPSO. The fact that the vibration can 

be sufficiently suppressed even though the control input is smaller than 

that before the adjustment indicates the effectiveness of the parameter 

optimization via LDWPSO. 



To demonstrate that the proposed method can realize good control 

performance under other acceleration conditions, the simulation result 

with another maneuver when the engine torque is changed from -4 Nm to 

180 Nm is shown in Figure 14. The acceleration response indicated by the 

red line in Figure 14 shows that the proposed control system provides the 

good tracking performance to the target acceleration and sufficiently 

reduces the vibrations. This result indicates that the controller can 

maintain the control performance even when the acceleration conditions 

change. 

These results indicate that the proposed method is effective in suppressing 

the overshooting caused by the backlash.  

It is necessary to consider the aspects related to model uncertainty in the 

controller design process to deal with a real scenario of the application to 

automobile powertrain. To deal with model uncertainty, some approaches 

such as the application of a controller that adjusts the gain online (Jung & 

Glover, 2005; Gagliardi et al., 2022), the approach to guarantee the 

robustness of the control system by considering a conditional expression 

for closed-loop system (Chamaillard et al., 2004) and the application of 

final state control that takes into account feedback factors can be 

examined. It will be considered to combine these approaches and the 

proposed method in the future. 

 



 

Figure 10. Simulation result (from -4 Nm to 16 Nm) 

 

 

 

Figure 11. Behaviour of angle in differential gear 

 

 



 

Figure 12. Comparison of responses between proposed control strategy and only 

H2/H∞ control 

 

 

 

Figure 13. Comparison of responses between proposed control strategy and before 

parameters optimization 

 

 



 

Figure 14. Simulation result (from -4 Nm to 180 Nm) 

 

6. Conclusion 

In this study, an active vibration control method is proposed for an automobile 

powertrain with nonlinear elements related to the backlash by applying the final 

state control. A physical function model was used to model the characteristics of 

the automobile powertrain. Next, a mixed H2/H∞ controller was designed based on 

the mixed H2/H∞ control theory. Application of the final state control to 

compensate for the backlash problem was proposed in this study. LDWPSO was 

applied to the parameters to be set by the designer in the final state control, and 

effective parameters for vibration control were explored. Finally, simulation 

verification of these control methods was conducted. Based on the simulation 

results, the shock caused by gear collision could be suppressed by gently bringing 

the gears in contact with each other. The parameter optimization using LDWPSO 

improved the tracking performance to the target value. Also, backlash 

compensation was achieved with less energy consumption for vibration control.  

Future studies will include ensuring robustness against parameter 

perturbations in the powertrain. As the controller based on the final state 

control is a feed-forward controller, it may not be able to cope with the 

parameter perturbations. 



In addition, the engine has difficulty in outputting negative torque in the 

wide range at various speeds accurately. One effective solution to this 

issue is to apply the proposed control system to a powertrain mechanism in 

hybrid electric vehicles (HEVs) and electric vehicles (EVs), which are 

much more capable on torque response and negative torque. Therefore, it 

will be necessary to study the implementation of this method in HEVs and 

EVs in the future.  
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